Abstract. We say that a topological space X is selectively sequentially pseudocompact if for every family {Un : n ∈ N} of non-empty open subsets of X, one can choose a point xn ∈ Un for every n ∈ N in such a way that the sequence {xn : n ∈ N} has a convergent subsequence. We show that the class of selectively sequentially pseudocompact spaces is closed under taking arbitrary products and continuous images, contains the class of all dyadic spaces and forms a proper subclass of the class of strongly pseudocompact spaces introduced recently by García-Ferreira and OrtizCastillo. We investigate basic properties of this new class and its relations with known compactness properties. We prove that every ω-bounded (=the closure of which countable set is compact) group is selectively sequentially pseudocompact, while compact spaces need not be selectively sequentially pseudocompact. Finally, we construct selectively sequentially pseudocompact group topologies on both the free group and the free Abelian group with continuum-many generators.
Disjoint refinement principle
The next lemma is probably known. We include its proof here only for the reader's convenience. Lemma 1.1. Let U = {U n : n ∈ N} be a point-finite family of non-empty open subsets of a topological space X which is not locally finite. Then there exist a sequence V = {V k : k ∈ N} of pairwise disjoint non-empty open subsets of X and a strictly increasing sequence {n k : k ∈ N} ⊆ N such that V k ⊆ U n k for all k ∈ N.
Proof. Since U is not locally finite, there exists x ∈ X such that (1) the set N (W ) = {n ∈ N : W ∩ U n = ∅} is infinite for every open neighborhood W of x.
Since U is point-finite, we can fix n −1 ∈ N such that (2) x ∈ U n for every n ∈ N satisfying n ≥ n −1 .
By induction on k ∈ N we shall select n k ∈ N and a non-empty open subset V k of X satisfying the following conditions:
, then V k ∩ V j = ∅ whenever j ∈ N and j < k. We let n 0 = n −1 + 1 and use regularity of X to fix a non-empty open subset V 0 of U n 0 satisfying (ii 0 ). Condition (i 0 ) is clear and condition (iii 0 ) is vacuous.
Suppose now that k ∈ N, k ≥ 1 and n k−1 ∈ N and a non-empty open subset V k−1 of X satisfying (i k−1 )-(iii k−1 ) have already been chosen.
Let j ∈ N and j < k. Since (i l ) holds for all l ∈ N with l ≤ j, we have n −1 < n 0 < · · · < n j . Combining this with (2), we conclude that x ∈ U n j . Finally, from this and (ii j ), we get x ∈ cl X (V j ). Since this holds for every j ∈ N with j < k, it follows that W = X \ j<k cl X (V j ) is an open neighborhood of x. Since the set N (W ) is infinite by (1), we can choose n k ∈ N (W ) satisfying n k−1 < n k . Then W ∩ U n k = ∅ by the definition of N (W ), so we can choose a point z ∈ W ∩ U n k and its open neighborhood V k such that cl X (V k ) ⊆ U n k . Clearly, conditions (i k )-(iii k ) are satisfied. The inductive step has been completed.
The sequence {n k : k ∈ N} is strictly increasing, as (i k ) holds for every k ∈ N. Since (iii k ) holds for all k ∈ N, we conclude that V = {V k : k ∈ N} is a sequence of non-empty pairwise disjoint open subsets of X. Finally, V k ⊆ U n k by (ii k ). Definition 1.2. Let X be a topological space.
(i) U X denotes the family of all sequences U = {U (n) : n ∈ N} of non-empty open subsets of X. (ii) We say that U ∈ U X is pairwise disjoint if U (n) ∩ U (m) = ∅ whenever m, n ∈ N and m = n. (iii) If U ∈ U X and s : N → N is a monotonically increasing function, then the function U • s ∈ U X shall be called a subsequence of U . Proposition 1.3. Let X be a pseudocompact space and let P : U X → {0, 1} be a function satisfying the following conditions: (a) P(U ) = 1 whenever U ∈ U X is not point-finite; (b) if P(V ) = 1 for some subsequence V of U ∈ U X , then P(U ) = 1.
(c) if U, V ∈ U X , V (n) ⊆ U (n) for every n ∈ N and P(V ) = 1, then P(U ) = 1.
(d) if V ∈ U X is pairwise disjoint, then P(V ) = 1.
Proof. Let U ∈ U X be arbitrary. By (a), we may assume, without loss of generality, that U is point-finite. Since X is pseudocompact, U cannot be locally finite by Fact 0.3. By Lemma 1.1, there exist a pairwise disjoint V ∈ U X and a monotonically increasing function s : N → N such that
Since V ∈ U X is pairwise disjoint, P(V ) = 1 by (d). From this, (3) and (c), we get P(U • s) = 1. Since U • s is a subsequence of U , (b) implies P(U ) = 1.
Corollary 1.4. Let X be a pseudocompact space and let P : U X → {0, 1} be a function satisfying conditions (a), (b), (c) from Proposition 1.3. Then the following conditions are equivalent:
We demonstrate the usefulness of this corollary on the following property which is perhaps not so familiar to the reader. Definition 1.5. A topological space X is called sequentially pseudocompact if for every family {U n : n ∈ N} of non-empty open subsets of X, there exists an infinite set J ⊆ N and a point x ∈ X such that the set {n ∈ J : W ∩ U n = ∅} is finite for every open neighborhood W of x.
This notion appeared in [8, Definition 1.4] under the name sequentially feebly compact. A formally weaker property obtained by requiring the conclusion of Definition 1.5 to hold only for the families {U n : n ∈ N} consisting of pairwise disjoint non-empty open subsets of X was defined earlier in [3 (i) X is sequentially pseudocompact; (ii) for every sequence {U n : n ∈ N} of pairwise disjoint non-empty open subsets of X, there exists an infinite set J ⊆ N and a point x ∈ X such that the set {n ∈ J : W ∩ U n = ∅} is finite for every open neighborhood W of x.
Proof. The implication (i)⇒(ii) is trivial. Let us prove that (ii)⇒(i). Note that (ii) implies that every pairwise disjoint sequence of non-empty open subsets of X is not locally finite. Therefore, X is pseudocompact by Fact 0.3. Define the function P : U X → {0, 1} as follows. For U ∈ U X , we let P(U ) = 1 if there exists an infinite set J ⊆ N and a point x ∈ X such that the set {n ∈ J : W ∩ U (n) = ∅} is finite for every open neighborhood W of x, and we define P(U ) = 0 otherwise. The function P clearly satisfies conditions (a), (b), (c) of Proposition 1.3. Now the conclusion follows from Corollary 1.4.
Two "selective" pseudocompactness-type properties
The (equivalent) properties from the next theorem can be considered "selective" properties, as they all involve a selection of a point from each set of a countable sequence of non-empty open sets in such a way that the resulting sequence satisfies some condition agreed in advance.
Theorem 2.1. For every topological space X, the following conditions are equivalent:
(i) for each sequence {U n : n ∈ N} of pairwise disjoint non-empty open subsets of X, one can choose a point x n ∈ U n for every n ∈ N such that the set {x n : n ∈ N} is not closed in X; (ii) for each sequence {U n : n ∈ N} of pairwise disjoint non-empty open subsets of X, one can choose a point x n ∈ U n for each n ∈ N such that cl X ({x n : n ∈ N}) \ n∈N U n = ∅; (iii) for each sequence {U n : n ∈ N} of non-empty open subsets of X, one can choose a point
x ∈ X and a point x n ∈ U n for each n ∈ N such that the set {n ∈ N : x n ∈ W } is infinite for every open neighborhood W of x;
(iv) for each sequence {U n : n ∈ N} of non-empty open subsets of X on can choose a point x n ∈ U n for every n ∈ N, select a free ultrafilter 1 p on N and find a point x ∈ X such that {n ∈ N : x n ∈ W } ∈ p for every open neighborhood W of x.
(ii)⇒(i) Let {U n : n ∈ N} be a sequence of non-empty pairwise disjoint open subsets of X. Let {x n : n ∈ N} be the sequence as in the conclusion of item (ii). Since {x n : n ∈ N} ⊆ n∈N U n , yet cl X ({x n : n ∈ N}) \ n∈N U n = ∅, the set {x n : n ∈ N} is not closed in X.
(i)⇒(iii) First, note that the condition (i) implies that an infinite sequence of pairwise disjoint non-empty open subsets of X cannot be locally finite. Applying Fact 0.3, we conclude that X is pseudocompact.
Define the function P : U X → {0, 1} as follows. For U ∈ U X , we let P(U ) = 1 if one can chose a point x ∈ X and a point x n ∈ U (n) for each n ∈ N such that the set {n ∈ N : x n ∈ W } is infinite for every open neighborhood W of x, and we define P(U ) = 0 otherwise. The function P clearly satisfies conditions (a), (b), (c) of Proposition 1.3.
Let use check the condition (d) of this proposition. Suppose that V ∈ U X is pairwise disjoint.
One can easily check now that {k ∈ W : x k ∈ W } is infinite for every neighborhood W of x.
We have checked that P satisfies all the assumptions of Proposition 1.3, which implies that P(U ) = 1 for all U ∈ U X . This means that (iii) holds.
(iii)⇒(iv) Let {U n : n ∈ N} be a sequence of non-empty open subsets of X. By (iii), we can chose a point x ∈ X and a point x n ∈ U n for each n ∈ N such that the set N W = {n ∈ N : x n ∈ W } is infinite for every open neighbourhood W of x. Therefore,
W is an open neighborhood of x} ∪ {N \ F : F is a finite subset of N} is a base of a free filter on N. Let p be an ultrafilter on N satisfying B ⊆ p; such an ultrafilter exists by Zorn's lemma. One easily checks that p satisfies (iv). Definition 2.2. A topological space X satisfying any (and then all) of the equivalent conditions in Theorem 2.1 will be called selectively pseudocompact.
The property from item (iv) of Theorem 2.1 appeared recently in [11, 12] under the name "strong pseudocompactness". The property from item (ii) of Theorem 2.1 appeared under the same name in the abstract of [12] . Since the term "strongly pseudocompact" is used in [1, 5] to denote two different properties, Definition 2.2 proposes a new name for this property reflecting its"selective" nature. The proposed new name also matches the name of another property introduced in Definition 2.3 below.
To the best of our knowledge, the following "selective" property is new.
Definition 2.3. We shall call a topological space X selectively sequentially pseudocompact if for every family {U n : n ∈ N} of non-empty open subsets of X, one can choose a point x n ∈ U n for every n ∈ N in such a way that the sequence {x n : n ∈ N} has a convergent subsequence.
Proposition 2.4. For every topological space X, the following conditions are equivalent: (i) X is selectively sequentially pseudocompact;
(ii) for every sequence {U n : n ∈ N} of pairwise disjoint non-empty open subsets of X, one can choose x n ∈ U n for all n ∈ N such that the sequence {x n : n ∈ N} has a convergent subsequence.
Proof. (i)⇒(ii) trivially follows from Definition 2.3.
(ii)⇒(i) One easily sees that (ii) implies that every sequence pairwise disjoint non-empty open subsets of X fails to be locally finite. Therefore, X is pseudocompact by Fact 0.3.
Define the function P : U X → {0, 1} as follows. For U ∈ U X , we let P(U ) = 1 if one can chose a point x n ∈ U (n) for each n ∈ N such that the sequence {x n : n ∈ N} has a convergent subsequence, and we define P(U ) = 0 otherwise. The function P clearly satisfies conditions (b) and (c) of Proposition 1.3.
Let us check also condition (a). If U ∈ U X is not point-finite, then there exists x ∈ X such that the set N = {n ∈ N : x ∈ U (n)} is infinite. Define x n = x for all n ∈ N and choose x n ∈ U (n) arbitrarily for each n ∈ N \ N . Now the sequence {x n : n ∈ N} has a constant (thus, convergent) subsequence.
Finally, (ii) implies that P satisfies condition (d) as well.
We have checked that P satisfies all the assumptions of Proposition 1.3, which implies that P(U ) = 1 for all U ∈ U X . This means that (i) holds.
The following diagram summarizes connections between two "selective" pseudocompactness-type properties and other compactness-like properties. Example 2.6. Examples of selectively pseudocompact spaces which are not countably compact were constructed in [12] . Therefore, arrow 2 is not reversible.
Example 2.7. Let X be a pseudocompact space such that all its countable subsets are closed constructed in [17, Theorem 2] . By Theorem 2.1 (i), X is not selectively pseudocompact. Hence, arrow 4 is not reversible.
In Example 5.4 below we shall show that arrow 1 is not reversible. Arrow 3 is not reversible either; see Example 5.5 below.
Basic properties of selective (sequential) pseudocompactness
In this section we collect basic properties of the class of selectively (sequentially) pseudocompact spaces.
Proposition 3.1. Every infinite selectively sequentially pseudocompact space has a non-trivial convergent sequence.
Proof. Let X be an infinite selectively sequentially pseudocompact space. Since X is Hausdorff, there exists a sequence {U n : n ∈ N} consisting of pairwise disjoint non-empty open subsets of X. By Proposition 2.4, one can choose x n ∈ U n for all n ∈ N such that the sequence {x n : n ∈ N} has a convergent subsequence. Since U n ∩ U m = ∅ whenever m, n ∈ N and m = n, this subsequence is non-trivial. Proposition 3.2. Let f : X → Y be a continuous function from a topological space X onto a topological space Y. If X is selectively (sequentially) pseudocompact, then so is Y .
Proof. Let {V n : n ∈ N} be a sequence of pairwise disjoint non-empty open subsets of Y . For every n ∈ N define U n = f ← (V n ). Since f is continuous and onto, {U n : n ∈ N} is a sequence of pairwise disjoint non-empty open subsets of X. Now the proof splits into two cases.
If X is selectively sequentially pseudocompact, one can choose a point x n ∈ U n for every n ∈ N such that the sequence {x n : n ∈ N} has a convergent subsequence. Clearly f (x n ) ∈ V n for every n ∈ N. Since f is continuous, the sequence {f (x n ) : n ∈ N} has a convergent subsequence in Y . Applying Proposition 2.4 to Y , we conclude that Y is selectively sequentially pseudocompact.
If X is selectively pseudocompact, by Theorem 2.1(ii), we can choose x n ∈ U n for each n ∈ N and find x ∈ X such that x ∈ cl X ({x n :
Lemma 3.3. Suppose that X is a topological space having the following property: For every countable family {U n : n ∈ N} of non-empty open subsets of X, there exists a selectively (sequentially) pseudocompact subspace Y of X such that U n ∩ Y = ∅ for all n ∈ N. Then X is selectively (sequentially) pseudocompact.
Proof. Let {U n : n ∈ N} be a sequence of pairwise disjoint non-empty open subsets of X. By our hypothesis, X contains a selectively (sequentially) pseudocompact subspace Y such that V n = U n ∩ Y = ∅ for every n ∈ N. Since each V n is open in Y and Y is selectively (sequentially) pseudocompact, we can choose a point x n ∈ V n ⊆ U n for every n ∈ N such that the set {x n : n ∈ N} is not closed in Y , and thus also in X (the sequence {x n : n ∈ N} has a subsequence converging to some element of Y , respectively). This shows that X is selectively (sequentially) pseudocompact.
Corollary 3.4. If some dense subspace of a topological space X is selectively (sequentially) pseudocompact, then X itself is selectively (sequentially) pseudocompact.
Proposition 3.5. If every countable subset of a topological space X is contained in a selectively (sequentially) pseudocompact subspace of X, then X is selectively (sequentially) pseudocompact.
Proof. Let {U n : n ∈ N} be a family of non-empty open subsets of X. Take x n ∈ U n for every n ∈ N. By our hypothesis, the countable subset {x n : n ∈ N} of X is contained in a selectively (sequentially) pseudocompact subspace Y of X. Since x n ∈ U n ∩ Y = ∅ for every n ∈ N, the conclusion follows from Lemma 3.3. Proof. Let Y be a clopen subspace of a selectively (sequentially) pseudocompact space X. Let {U n : n ∈ N} be a sequence of non-empty open subsets of Y. Since Y is open in X, each U n is also open in X. Since X is selectively (sequentially) pseudocompact, we can use item (iii) of Theorem 2.1 to choose a point x n ∈ U n for every n ∈ N and x ∈ X such that the set {n ∈ N : x n ∈ W } is infinite for every open neighborhood W of x (respectively, the sequence {x n : n ∈ N} has a subsequence converging to x ∈ X). Since {x n : n ∈ N} ⊆ Y and Y is closed in X, it follows that x ∈ Y . This shows that Y is selectively (sequentially) pseudocompact.
4. selective (sequential) pseudocompactness in (Σ-)products Lemma 4.1. A countable product of selectively sequentially pseudocompact spaces is selectively sequentially pseudocompact. Proof. Suppose that X i is a selectively sequentially pseudocompact space for every i ∈ N, and let X = i∈N X i be the Tychonoff product of the sequence {X i : i ∈ N}. Let {U n : n ∈ N} be a sequence of nonempty open subsets of X. Without loss of generality, we may assume that each U n has the form U n = i∈N U n,i , where U n,i is a nonempty open subset of X i .
Let J −1 = N. Since each X i is selectively sequentially pseudocompact, by a straightforward induction on i ∈ N, one can choose x n,i ∈ U n,i for every n ∈ N and select a point x i ∈ X and an infinite set J i ⊆ J i−1 such that the sequence {x n,i : n ∈ J i } converges to x i .
Clearly, y n = (x n,i ) i∈N ∈ i∈N U n,i = U n for every n ∈ N. Let j 0 ∈ J 0 be arbitrary. For every i ≥ 1, choose j i ∈ J i \ {j k : k ≤ i − 1}; this can be done as J i is infinite. By our construction, the set J ω = {j i : i ∈ N} is infinite, while the set J ω \ J i is finite for every i ∈ N.
Let i ∈ N be arbitrary. Since the sequence {x n,i : n ∈ J i } converges to x i and J ω \ J i is finite, it follows that the sequence {x n,i : n ∈ J ω } converges to x i as well. Since this holds for every i ∈ N, we conclude that the sequence {y n : n ∈ J ω } converges to y = (x i ) i∈N ∈ X. Definition 4.2. If {X i : i ∈ I} is a family of sets, X = {X i : i ∈ I} is their product and p is a point in X, then the subset
of X is called the Σ-product of {X i : i ∈ I} with the basis point p ∈ X.
The standard proof of the following lemma is omitted.
Lemma 4.3. Let {X i : i ∈ I} be a family of topological spaces and X = {X i : i ∈ I} be its product and p ∈ X. Then every countable subset of Σ(p, X) is contained in a subspace of Σ(p, X) homeomorphic to the product i∈J X i for some at most countable set J ⊆ I.
Theorem 4.4. Let {X i : i ∈ I} be a family of topological spaces and X = {X i : i ∈ I} be its product and p ∈ X.
(i) If all X i are selectively sequentially pseudocompact, then so is Σ(p, X).
(ii) If i∈J X i is selectively sequentially pseudocompact for every at most countable set J ⊆ I, then so is Σ(p, X).
Proof. Let C be a countable subset of Σ(p, X). By (4), for every c ∈ C, the set J c = {i ∈ I : f (i) = p(i)} is at most countable. Since C is countable, the set J = c∈C J c is at most countable as well. Note that C ⊆ Y , where Y = {f ∈ X : {i ∈ I : f (i) = p(i)} ⊆ J} is a subset of Σ(p, X) homeomorphic to X J = {X i : i ∈ J}.
(i) Since X J is selectively sequentially pseudocompact by Lemma 4.1, from Proposition 3.5 we conclude that Σ(p, X) is selectively sequentially pseudocompact.
(ii) Since X J is selectively pseudocompact by our assumption, applying Proposition 3.5 we conclude that Σ(p, X) is selectively pseudocompact. Example 4.8. Let X be a countably compact space such that its square X 2 is not pseudocompact [9, Example 3.10.9] . Since countably compact spaces are selectively pseudocompact and selectively pseudocompact spaces are pseudocompact (see Diagram 1) , this shows that selective pseudocompactness is not a productive property.
selective (sequential) pseudocompactness in topological groups
One may expect that in the class of topological groups additional implications would hold that are not present for general topological spaces in Diagram 1. The following result of this type was proved in [3] :
Fact 5.1. Every pseudocompact group is sequentially pseudocompact.
In this section we establish another result of the same flavour. Proof. Suppose that X is an ω-bounded group. Let S be a countable subset of X. The subgroup Z generated by S is countable. Hence, Y = cl X (Z) is a compact group. By Corollary 4.6, Y is selectively sequentially pseudocompact. By Proposition 3.5, X is selectively sequentially pseudocompact.
In topological groups we have the following diagram. Example 5.6. By the Hewitt-Marczewski-Pondiczery theorem, D c is separable. Therefore, we can fix a countable dense subset S of D c . By a standard closing off argument, we can construct a countably compact subgroup G of D c such that S ⊆ G and |G| = c. Since |D c | = 2 c > c, we conclude that G is a proper subgroup of D c . Since S is dense in D c , this implies that the closure of the countable set S in G is not compact. Thus, G is not ω-bounded. This example shows that arrow 6 is not reversible even for topological groups.
Example 5.7. Under CH, there is a countably compact group G without convergent sequences. Then, G is not selectively sequentially pseudocompact. This example proves that, assuming CH, arrow 7 is not reversible even for topological groups.
We do not know if an additional set-theoretic assumption in this example can be omitted; see Question 8.3 below.
In Example 7.8 below we shall show that arrow 2 of Diagram 1 and arrow 5 of Diagram 2 are not reversible in the class of topological groups.
6. Building dense V-independent sets in c-powers, for a fixed variety V We start this section with the following general lemma.
Lemma 6.1. Let H be a separable metric space. Then for every uncountable subset Y of H one can find a set X ⊆ Y such that X = α<|Y | S α , where:
(i) each S α is a countably infinite compact set with a single non-isolated point (that is, S α is a non-trivial convergent sequence taken together with its limit), and (ii) S α ∩ S β = ∅ whenever α = β.
Proof. First, note that every uncountable subset Z of H contains a countably infinite compact set S with a single non-isolated point. Indeed, since Z is a subspace of a separable metric space H, it has a countable base. On the other hand, Z is uncountable, so it cannot be discrete. Therefore, Z contains a non-isolated point z. Therefore, by induction on n ∈ N, we can choose a point x n ∈ U (z, 1/n) \ {z, x 0 , . . . , x n−1 }, where U (z, 1/n) is the ball centered at z of radius 1/n. Now S = {x n : n ∈ N} ∪ {z} is the desired set.
By transfinite induction on α < |Y |, we shall select a countably infinite subset S α of Y with a single non-isolated point such that S α ∩ β<α S β = ∅.
For α = 0, we use the above observation (with Z = Y ) to choose the required S 0 . Suppose now that the ordinal α satisfies 0 < α < |Y | and the family {S β : β < α} has already been chosen. Note that | β<α S β | ≤ α + ω < |Y |, so the set Z = Y \ β<α S β satisfies |Z| = |Y |; in particular, Z is uncountable. Applying the above observation to this Z, we get the desired S α .
A variety of groups is a class of groups closed under Cartesian products, subgroups and quotients [16] . Definition 6.2. Let V be a non-trivial variety of groups. A subset X of a group G is said to be V-independent if (i) X ∈ V, and (ii) for each map f : X → H ∈ V there exists a unique homomorphismf : X → H extending f.
We shall need the following useful fact [6, Lemmas 2.3 and 2.4].
Lemma 6.3. Let V be a variety of groups and X be a subset of a group G.
(i) X is V-independent if and only if each finite subset of X is V-independent.
(ii) If H is a group and f : G → H is a homomorphism such that f (X) is a V-independent subset of H, X ∈ V and f ↾ X : X → H is an injection, then X is a V-independent subset of G.
Definition 6.4. Let V be a non-trivial variety of groups. For a group G, the cardinal r V (G) = sup{|X| : X is a V-independent subset of G} is called the V-rank of G.
Lemma 6.5. Let V be a non-trivial variety. If H is a separable metric group such that r V (H) ≥ ω, then there exists a V-independent subset X ⊆ H ω such that X contains c many pairwise disjoint convergent closed sequences in X.
Proof. Since H is a separable metric group, so is H ω . By [6, Lemma 4.1], the group H ω has a V-independent subset Y of cardinality c. Applying Lemma 6.1 to this Y , we can choose a subset X of Y as in the conclusion of this lemma. Since X is a subset of the V-independent set Y , it is also V-independent by Lemma 6.3 (i).
Theorem 6.6. Suppose that H is a compact metric group with r V (H) ≥ ω. Then H c contains a dense selectively sequentially pseudocompact V-independent subset of size continuum.
Proof. Define L = H ω . By Lemma 6.5, there exists a V-independent set R = {r α,n : α < c, n ∈ N} ⊆ L such that (5) the sequence {r α,n : n ∈ N} converges to r α,ω for every α < c. 
where U α,n ∈ B for all α < c and n ∈ N.
Let α < c. Since each U α,n is a basic open set in L c , the set supp(U α,n ) is finite, and so the set
is at most countable. Let p α : L c → L Sα be the natural projection. Fix n ∈ N. Since U α,n is a non-empty basic open subset of L c and supp(U α,n ) ⊆ S α by (6), the set W n = p α (U α,n ) is a non-empty open subset of L Sα such that (7) U α,n = p ← α (W n ). Since S α is countable and L is a compact metric space, the space L Sα is compact and metric. In particular, L Sα is sequentially compact, and so also selectively sequentially pseudocompact; see Diagram 1. Therefore, we can choose a point x α,n ∈ W n for every n ∈ N in such a way that a suitable subsequence {x α,n : n ∈ J α } of the sequence {x α,n : n ∈ N} converges to some element x α,ω ∈ L Sα . For every n ∈ ω + 1 , define y α,n ∈ L c by (8) y α,n (β) = x α,n (β) if β ∈ S α r α,n if β ∈ c \ S α for every β < c.
Claim 1. For every α < c, the following holds:
(i) y α,n ∈ U α,n for every n ∈ N; (ii) the sequence {y α,n : n ∈ J α } converges to y α,ω .
Proof. Fix an arbitrary α < c.
(i) By (8), p α (y α,n ) = x α,n ∈ W n , so y α,n ∈ p ← α (W n ) = U α,n by (7). (ii) It suffices to show that the sequence {y α,n (β) : n ∈ J α } converges to y α,ω (β) for every β < c. In checking this,we consider two cases. Case 1 . By our choice of the set J α , the sequence {x α,n : n ∈ J α } converges to x α,ω ∈ L Sα in L Sα . Since β ∈ S α , this implies that the sequence {y α,n (β) : n ∈ J α } converges to y α,ω (β).
Case 2 . β ∈ c \ S α . By (8) , y α,n (β) = r α,n for every n ∈ ω + 1. Now it remains only to note that, by our construction, the sequence {r α,n : n ∈ N} converges to r α,ω .
Claim 2. Y = {y α,n : α < c, n ∈ ω + 1} ⊆ L c is selectively sequentially pseudocompact and dense in L c .
Proof. Let A = {A n : n ∈ N} be a countable sequence of elements of B. There exists α < c such that A n = U α,n for every n ∈ N; that is, A = {U α,n : n ∈ N}. By Claim 1, y α,n ∈ U α,n for each n ∈ N and the sequence {y α,n : n ∈ J α } converges to y α,ω . Since {y α,n : n ∈ ω + 1} ⊆ Y , this proves that Y is selectively sequentially pseudocompact.
Let O be a non-empty open subset of L c . Since B is a base of L c , there exists B ∈ B such that B ⊆ O. Let A be the constant sequence all elements of which are equal to B. Then A = {U α,n : n ∈ N} for some α < c, and so {y α,n :
Proof. By Lemma 6.3 (i), it suffices to show that every finite subset X of Y is V-independent. Let X be a finite subset of Y . There exists a finite subset F of c such that (9) X ⊆ {y α,n : (α, n) ∈ F × (ω + 1)}.
Since each set S α is at most countable and F is finite, the set S = α∈F S α is at most countable. Therefore, we can choose β ∈ c \ S. Let π β : L c → L be the projection on the βth coordinate. To prove that X is V-independent, it suffices to check that G = L c , H = L, X and f = π β satisfy the assumptions of Lemma 6.3 (ii).
Since V is a variety of groups, it is closed under taking arbitrary products and subgroups. Since L ∈ V and X is a subgroup of L c , this implies X ∈ V.
Let (α, n) ∈ F × (ω + 1) be arbitrary. Then α ∈ F , and so S α ⊆ S. Since β ∈ S, this implies β ∈ S α . Therefore, π β (y α,n ) = r α,n by (8) . This shows that {π β (y α,n ) : (α, n) ∈ F × (ω + 1)} = {r α,n : (α, n) ∈ F × (ω + 1)}.
Since the latter set is a faithfully indexed subset of R, it follows from (9) that f ↾ X = π β ↾ X : X → R is an injection. Since f (X) = π β (X) ⊆ R and R is V-independent, f (X) is V-independent by Lemma 6.3 (i).
The conclusion of our theorem now follows from Claims 1, 2 and 3.
7. selectively sequentially pseudocompact group topologies on V-free groups Definition 7.1. Let V be a non-trivial variety of groups.
(i) A subset X of a group G is a V-base of G if X is V-independent and X = G.
(ii) A group is V-free if it contains a V-base.
If V is a non-trivial variety, then for every set X there exists a unique (up to isomorphism) group F X (V) such that X ⊆ F X (V) and X is a V-base of F X (V). Definition 7.2. For every cardinal τ , we use F τ (V) to denote the unique (up to isomorphism) V-free group having a V-base of cardinality τ. Proof. By Theorem 6.6, H c contains a dense selectively sequentially pseudocompact V-independent subset X of size continuum. It follows from Definition 7.1 (i) that X is a V-base of X , so X is algebraically isomorphic to F c (V). Since X ⊆ X ⊆ H c and X is dense in H c , we conclude that X is also dense in X . Since X is selectively sequentially pseudocompact, from Corollary 3.4 we conclude that X is selectively sequentially pseudocompact as well. Since H is zero-dimensional, so is H c and X .
Since both the variety G of all groups and the variety A of all Abelian groups are precompact by [6, Lemma 5.3] , from Corollary 7.4 we obtain the following corollary.
Corollary 7.5. Both the free group F c (G) with c-many generators and the free Abelian group F c (A) with c-many generators admit a selectively sequentially pseudocompact zero-dimensional group topology.
Corollary 7.6. The group T c contains the free Abelian group F c (A) with c-many generators as a dense selectively sequentially pseudocompact subgroup.
Proof. The circle group T is a compact metric Abelian group. By [2, Lemma 7.1.6], T contains an A-independent set X of cardinality c. By Theorem 6.6, the group T c contains a dense Aindependent selectively sequentially pseudocompact subspace X of size c. Arguing as in the proof of Corollary 7.4, we deduce that X is a dense selectively sequentially pseudocompact subgroup of T c algebraically isomorphic to F c (A).
Example 7.7. Let G = F c (G) be the G-free group of size c. By Corollary 7.5, G admits a selectively sequentially pseudocompact group topology. On the other hand, no non-trivial subgroup of G admits a countably compact group topology. Indeed, if H is a subgroup of G, then it is G-free, and it is known that no non-trivial G-free group admits a countably compact group topology. In particular, there exists a selectively sequentially pseudocompact group without non-trivial countably compact subgroups.
Example 7.8. Let G = F c (A) ω be the countable power of the A-free group of size c. Then G is an Abelian group of size c. By Corollary 7.5, F c (A) admits a selectively sequentially pseudocompact group topology. Since the class of selectively sequentially pseudocompact spaces is closed under arbitrary products, G also admits a selectively sequentially pseudocompact group topology. By [19, Theorem 17] , this topology cannot be countably compact. Therefore, G is an Abelian group (of size c) which admits a selectively sequentially pseudocompact group topology, yet does not admit a countably compact group topology. This example proves that arrows 2 and 5 are not reversible even for topological groups.
